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Induced Electronic Interactions in Chern-Simons
Systems
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The induced electronic interactions in (1 + 2)-dimensional vector Chern—Simons
systems are studied by means of path-integral quantization. We consider four
cases: relativistic, and nonrelativistic fermion Maxwell-Chern-Simons models,
and relativistic and nonrelativistic fermion Chern-Simons models. It is shown
that the Chern—Simons term may induce exotic electronic interactions which can
be local or nonlocal and small Chern—Simons coupling may have a considerable
effect in some cases.

1. INTRODUCTION

Quantum field theories in 1 + 2 dimensions involving charged matter
fields minimally coupled to a Chern-Simons field exhibit anyonic sectors
with exotic spin and statistics (Hagen, 1985a; Polyakov, 1988; Semenoff,
1988). Interest in such theories has been strongly stimulated by the fact that
they can realize Wilczeck’s charge-flux composite model, which can give a
natural explanation of the fractional quantum Hall effect and its possible role
in high-T, superconductivity (Fradkin, 1991). Furthermore, they have also
been extensively studied in terms of topologically massive gauge theory with
the Maxwell term (Deser et al, 1982). For the Maxwell-Chern-Simons
model, it is clear that such a system is exactly identical to a free scalar field
(Deser et al., 1982; Feng and Qiu, 1955). For the Proca—Chern-Simons
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system, it has also been shown that such a system is equivalent to a system
of two free scalar fields with different masses (Feng et al., n.d.). Though the
cases in which matter fields are also contained are much more difficult to
study exactly, Jackiw and Pi (1990) and Barashenkov and Harrin (1994) were
able to solve the quantum mechanical Schrédinger equations and obtain
solitary solutions. The cases of fermions coupled to the Chern—Simons field
have also been studied (Loopez and Fradkin, 1991). To the knowledge of the
authors, the induced interactions of fermions due to the coupling to the
Chern—Simons field has not been discussed; this the subject of this paper.
We will study four cases. In Section 2, we study the relativistic fermion
Chern—Simons systems with and without the Maxwell term. In Section 3,
we study the nonrelativistic fermion Chern—Simons systems with and without
the Maxwell term. Our approach is the path-integral quantization for con-
strained systems. Some notations are only applicable in a local context and
this should not lead to any confusion, while other notations, if not otherwise
defined, are the same as usually used.

2. RELATIVISTIC CHERN-SIMONS MODELS
2.1. Fermion Maxwell-Chern-Simons Model
The model Lagrangian is (Deser et al., 1982)
£ = GiDG — mpy — %F“"F“,, + % €A, F,, (1)

where B = y*D,, D, = 9, + ieA,, ¥’ = 03, ¥' = igy, ¥} = igy, and o; (i
= 1, 2, 3) are the Pauli matrices. The Euler-Lagrangian equations are

(D —mpy =0 2
3, F + g—' €, = e, T = yhd 3)
In the Hamiltonian description, the canonical momenta are
L _ — of ®
™ = — = iy’ o= == = w0 2 gy 4
P oA, 2 @

The canonical Hamiltonian is
K, = + A, — L = eAdyO — YDl + my — %w‘m

[T T 1 .
+ B A — 2 AIA + = FUF..
2e~rr,A, 2 A'A; 4P i

- %GUFUAO + A (5)
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From equation (4) we have a primary constraint
xi=m°~0 (6)
The total Hamiltonian is then
Hr =X + axi (7

From the consistency condition

{x, Hr} =0, Hr= jd2x X (®)
we have a secondary constraint

X2 = 'E’EUFU +om — ey =0 &)

It is easy to show that
{X2 ¥r} = 0, {x1, x2} =0 (10)

SO X1, X2 are first-class constraint. According to the standard procedure
(Gitmann and Tyutin, 1990), we should choose two gauge-fixing conditions

fl=0A;~0, f=am + VA, — % €id,A,; 1)

where V2 = —9/9,. Since det {x;, f;} = const, the quantum generating func-
tional is

Zn, m, j*1 = I DY DY D+ DA, S(x)D()
X exp{i I dx [y — A, — X,

+ M + U +iju]} (12)
7 can be integrated out readily,

208, m, j# = j DT DY DA, D SOB(f)
X exp{i j d3x [y + wiA, — K,

+ T+ I +j“A,L]} (13)
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Making a displacement 7 — 7' — (u/2)eYA;, we have
217, m, ¥ = f@m DY DA, D7’ d(9m' — elry)
X 3(dA)D(V2 — peldA; + 9,
X exp{i J d3x [@Dﬂ: — mipy + §m + T
1

) - T 1 . p,z . y
+]P'Au + 'TI'IA,' - E E‘JA,'AJ' + 5 'n'"ﬂ',' + —Z—AlAi - Z PJF'I

- ’.Lﬁq’ﬂ'lA‘l - Tr‘aAo]}

Since the three delta functionals ensure that

1 . .

Ao ~ 53 (he¥d,A; — oy

and
i % =
iAo =~ —peA' — vz ey P
we have
i QA 270 L o
—m9 Ay ~ pegmi — BV o5 @YD)

SO

2, .1 = | 95 0 B4, B S0 — A0
X 8(6'A,)8(V2 - }LEU&,AI + 8,’11’")
X exp{ij d*x l:ﬂ;tDtlJ — mp + Um + TP

. . [T 1 . “‘2 .
+ J“’AM_ + 1T1A,' - E EUAAJ- + E TT“IT,' + ?A‘A,‘

1. 1 -
= 2 FIFy = & o (uw%)}

(14)

(15)

(16)

a7

(18)
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Because of equation (16), we have
peldA; =~ 9 [A‘(Ao + % e@y%)] = surface term (19)

so it is negligible. After integrating Ay, we have

Z[Tis "]] = Z[ﬁ? o, j“]j“’=0

= J D DY Dr' DA; 801" — elry’)D(F'A)
X exp{i J d*x [@D\h - mip + Pm + [y + A, + %'n'"'rr,-

[T 1 . — [T
+ 7A'A,~ 2 FyF9 — ey v €/0,A; (20)

Decompose ' as

€99,

m= A day = Y )
Then D7'd(9,m° — eJ°) = const-D and
o1 oS L, L,
A+ L ia~ 12— 2o, 22
1TA,+21TA, ‘/_72- 2¢ 2vaa,v 22)
Since
6 A;
JQM) exp{ij ( ] E/—— %4)2)}
= exp{i J' d*x (—-;— AiAi)} (23)
we have

Z[n, m} = J@E B DA, 3(3'A) eXp{i J d’x [Ib_iﬂ\l! — mpy — ey A,

T = 1 i T5Y 1
+lIJ'T]+T|lIJ—EAAi+—2—AAi-ZPFij

1 1

- elyy & v €99A; + = J0 v JO]} (24)
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Due to 3(d'A), we can write A; = (;0/,/—V)e and DAJ(F'A) =
const- D, s0

2
L Aid, + B p, - 5

1
= red @ — nlg? 25
S AA+ T 2 ("¢ — no¢%) (25)

and

ZM, m] = j Db DY Do eXp{i f d’x [@'ﬂlb — miny — ehyUA; + Im

— 1
H = el T e+ 3 (e — )

Gljaj.,'

+ 0_~ g0
iy |

= J DY D exp{i J d*x [;h-iif‘l’ — mby + §m + N

JEYV P
——10" pyo+ &€ 80 & —J0 J]} (26)

Ve RN
where D! = 9%3, + p? ie
I, ml = j DY D CXP{i f &x Lo + M + %} @7
where
Lo = iy — mPpp — %ZJ”DJ,L (28)

This is the effective Lagrangian. The interaction induced by the vector field
A, is then ¥, = 1/2 €2/*DJ,, which is nonlocal.

2.2. The Fermion Chern-Simons Model
The model Lagrangian is

L = DG — miy + %ew AF,, (29)

The canonical momenta are given by definition as

i€ - 0¥
T =— = iy, T = —
oy - 94,

™A, (30)

0 [F
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and the canonical Hamiltonian is
K. = —WyDl + mb + efry"bAy — pe’d A, 3D

We have the primary constraints

xi =m0 =0, Ci=1ri—%eifAj~0 (32)
with the Poisson brackets
X C1 =0, {C(x),Oy)} = —pe’d(x —y) (33)
The total Hamiltonian is thus
Hr =K. + Ay + \C (34)
Since
{xl, J d’x %T} = —ely% + pe¥dA; (35)

{0’, J % %T} - {0‘, J £x %c} ; x,{o’, J i*x C,} (36)

we have a secondary constraint
£ = ne¥9,A; — ey ~ 0 37
with
(& x1) =0, {&E®), C(y)} = pe’si 3(x —y) (38)

Equation (36) does not lead to any new constraint, whereas it fixes the
Lagrange multipliers A;. As in Kim er al. (1995) and Ni and Chen (1995),
in order to extract the true second class constraint, it is essential to define

x2 =€+ 98C 39
Then
{XZ’ XI} = 0’ {XZ’ 0} = 0 (40)

So we have two first-class constraints x; and two second-class constraints
C', i = 1, 2. Correspondingly, two gauge conditions have to be chosen. They
should be such that no contradictions will appear. A possible appropriate
choice is

fi = VA" — &Eijaijj, f = ;o' @D
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where J* is also given by equation (3). It can be shown that det{f, x;} =
const, hence we have the generating functional

Zm, ml = J DY DY Da DA, 3(X)S(CH(F)
X exp{i [ dx [y + w4,
- by + FvDw — my + T + 1)
= f DY DY DA; d(£)d(3;A")
x exp{i J £ [@y%

+ %e”Ain + $ry'D; — mip + 4m + ﬁq"]} “42)

Let A; = d,p; we have

e

- _ (a7 _el
Zm, m] = J DY DY Do 8( .V J")
X exp{i J d’x I:miﬂd; — minf — %Gijai‘Pa@
— elryPe;dp + MY + %]}

= JQDIE s exp{i f d’x (Lo + MY + %} 43)
where
—. — ez - E.Ual - 0
Leir = Yidy — miys — m by gz Y'W) (44)
It can be seen that the interaction induced by the Chern—Simons coupling is
proportional to the inverse of w, so small p may have considerable effects.

From V-2 ~ In r, we know that the potential decreases as 1/r, like the
Coulomb force, in 1 + 3 dimensions. Furthermore, £ is equivalent to the
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direct substitution of the solution of A, given in (Jackiw and Pi, 1990; Hagen,
1985b) into the original Lagrangian, so it is actually covariant.

3. NONRELATIVISTIC CHERN-SIMONS MODELS
3.1. Fermion Maxwell-Chern-Simons Model

The model Lagrangian is supposed to be
1 . . 1 0
= 5 [WtiDob + (Do) tl] + o— BTy — - F¥F,
2 2m 4
+ B e a,F 45)
4 utvp
where B = v'D;. Aside from a surface term, it is equivalent to

&£ = UtiDgy — — lM'DZ\b - F‘“’F + Z e*PAF,, (46)

where B? = DY + 1/4[¥, y]ieF, ;- The Euler-Lagrange equation for { is
Dyl = - B2y @7)
2m
and those for A, are

80, F* + -’ZfemBFo,B = e’ (48)

= ['JJN!, ﬁ WD — (D) — — eva(q;’ro3¢)] (49)

The canonical momenta are

o ¥ [T
=" = o= —— = gFun0 4 & eriig.
™ 3 i, %, 0 > €A; (50)

and the canonical Hamiltonian is
1 1 . [T p? o
K. = — 1P + Ap — = wm, + = eimA;, — = A/A,
. 2mleDLb elrtiAg 211'1r, 2&11',.4] 2 A;

+%PJ’F,,—Z €/F,Ag + WA (51
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We have a primary constraint x, ~ 0. The total Hamiltonian is
= f (#. + ax)dx (52)
Conservation of x; = 0 leads to a secondary constraint
= ePTPp — L e‘fF -om ~0 (53)

There are no further constraints. It can be verified that the x; are first class
and therefore we should choose two gauge conditions. They can be chosen as

fi= 94, fy=am+ VA~ o, (54)
Since det{y;, f;} = const, we have the quantal generating functional

Znt, ] = J Dt DY D DA, (x)B(F)

X exp{i J Exlml + wA, ~ #H, + iy + q,m]} (55)
Making the translation ™ = 7 — 1 €/A;, we have
Zlnf, m} = j DYt DY D' DA, 3(8'A)3(9,m" — et
X 33w — pe¥gA; + V2Ag)
X exp{i f Px[ltiDgy — 2—i—n YDA + A, — %eUA,-A,-

2
+ %w‘m + 5 A, - gr‘fﬂ,- — m3A + Mty + wn]} (56)

Decomposing ' = (€99/,/—V3)b + 3, 30y = e, we have
Zint, ) = f DYt Bh Db DA, S@AIN(—pela A, + ViAg + elst)

X exp{i j &Ex[— & \/%EA - = ¢2 - = va '‘dlitiDols

MWq; -Beiad, + *; A‘A,
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= 2FF, + ebtuay + g + qu]}

= J DYt DY DA, (B'AIN—pe¥d,A; + VA, + elrty)
X exp{i | dxitily — = vaiay — —— WD — - A,
2 ! 2m 2 O

T VA A }LZ ; g .
— 5 CAA + T A = T FIF + i+ i) (57)
Since from equation (19), —pe"fA,-A,- = surface term, we have
Znt,ml = J DUt Db DA; (A, exp{i J Ex[Ptil — % Voo — ~21—m 133 s ol

2
- %A"A,. +Bqa, - %FUFU + g + wnl} (58)

Let A; = (e;0/// —V?)¢; we have
ZInt, m] = J DYt DY Do CXP{i J &Px( Lo + My + tb’m)} (59
where

Loy = % (¢* + 08'pop — n2g? + Ptifp + Z—in. PiVHs + %vV2v

_ e €y & 2 _ € v
- Ytoap - €~ om Yfpe m Yoah Vie (60)

The new field ¢ cannot be integrated exactly. Hence, for such a system,
the induced interactions can only be obtained approximately, unlike in the
relativistic case. {Note that the mass dimensions in (1 + 2)-dimensional

spacetime are: [u] = [m], [¢] = [m]'?, [] = [m], [e] = [m]'%, [A,] = [m]"?}

3.2. Nonrelativistic Fermion Chern-Simons Model

The model Lagrangian is

& = WtiDoy - 5o WD + & e p, 1)
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where
VIDH = Yi(= VA + Utlied'd; + 2iedto YA, — ePtpA4;  (62)
+ 2 i, v,
The canonical momenta are

I A 0L _ o
= —_ = = e = (14 63
1y P i, T A, 2 A (63)

Hence we have the primary constraints
X1 =7 =0, 0‘=n"—%A,~0 (64)

with Poisson brackets
{x- C'} =0, {(C(x), Cy)} = —pef(x — y) (65)

The canonical and total Hamiltonians are therefore
1 N
. = om UTBX + elfdA, — nels;A Ay (66)

%T = %L- + )\xl + )\,C' (67)

From the consistency condition {x;, | d*x¥#;} =~ 0, we have a secondary
constraint

£ = —ePtp + ne¥oA; = 0 (68)
with
{§ %7} =0, {C(x), &)} = pe’ad(x — y) (69)

As in the relativistic case, {C’, ¥} =~ 0 gives the determination of \; and
leads to no new constraint. Similarly, we define

X2 =&+ 9,C (70)
Then we have
{Xi» x2} =0, {X2 c}=0 an

So ; are first class and C' are second class. Correspondingly, we choose the
gauge-fixing conditions as in the relativistic case,

fi = VA0 - ﬁe,-ja"ﬂ, fo = e (72)
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where J' are given by equation (49). Since det {f, x;} = const, det{C', C'}
= const, we have

Znt, ) = f DUt D D+ DA, S(x)S(CIB(S) exp{f f dxlilst
+ 'rr"A,,L L UtD — ebtdA
2m

+ peldAA, + i + tbm]} (73)

Since
pe;0'4 — et ~ 0  (mod §) a4

we have
Zimt. m] = f Dyt Dy D’ DA, HENCIS)
X Cxp{i J Ex[ivty + A, — 2—;- YtP + nid + tln‘n]}
- j Dyt D DA, BEB@A)
X exp{i J Pxliphy + %e"fAjA,» - ﬁ TP

+ min + tb*n]} (75)

Let A; = €;0/p; then F; = €;V?9, ¢ can be integrated
Z[nt, m] = J Dt DY CXP{i J Bx[Leir + MY + ll’T'ﬂ]} (76)
where
Lee = it + L YtV — i Pto'le; L4 W)
eff m mp. i V2

+

64 ai a,' ieZ . .
2 Wi gz W) 73 Wtd) — Py— LY, YIbebte  (77)

2m
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This effective Lagrangian involves a six-fermion interaction and a local four
interaction. As in the relativistic case, .« equals that obtained by directly
substituting the classical solutions of A, given in Jackiw and Pi (1990) and
Hagen (1985b) into the original Lagrangian, and this is because that without
the Maxwell term, the vector field has no dynamics.

4. DISCUSSION

The discussion of induced electronic interactions is similar to that from
the electron-phonon Hamiltonian to Frohlich’s Hamiltonian in which the
phonon degrees are integrated out (Jones and March, 1973). Since the origin
of Chern-Simons coupling is becoming clearer, e.g., it may be generated by
a heavy fermion determinant (Redlich, 1984a, b; Yang and Ni, 1995), we
may suppose that there exist two species of fermions, U,, and {5, with masses
m and M, and in the limit M — o, the self-interaction of s, induced by U,
is equivalent to that induced by a Chern-Simons field. The concept of a
heavy fermion is not purely imaginary, it does exist as a kind of quasiparticle
(Andres et al., 1975; Feng and Jin, 1992).

Since the interactions are now known, we may study the properties of
the electronic system. For the ground state, we may use, for example, the
density functional method and the Gaussian effective potential method. On
the other hand, in the discretized case for a lattice, we may study it in
the Bloch representation (BCS-like) as well as the Wannier representation
(Hubbard-like), for which the m-pairing method is especially powerful
(Yang, 1989).
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